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ABSTRACT

The Cagniard-de Hoop method is ideally suited to the analysis of wave propagation
problems in stratified media. The method applies to the integral transform represen-
tation of the solution in the transform variables (s,p) dual of the tiine and transverse
distance. The objective of the method is to make the p-integral take the form of a
forward Laplace transform, so that the cascade of the two integrals can be identified
as a forward and inverse transform, thereby making the actual integration unnecessary.
That is, the exponent, —sw(p) is set equal to —s7, with 7 varying from some {renl!}
finite time to infinity. As usually presented. the p-integral is deformed onto a contour
on which the exponent is real and decreases to —oc as p goes to infinity. We have found
that it is often easier to introduce a complex variable 7 for the exponeut and carry out
the deformation of contour in the complex 7-domain. In the 7-domain the deformation
amounts to “closing down” the contour of integration around the real axis while taking
due account of singularities off this axis.

Typically. the method is applied to an integral that represents oune body wave plus
other types of waves. In this approach, the saddle point of w(p) that produces the body
wave plays a crucial role because it is always a branch point of the integrand in the
7-domain integral. Furthermore, the paths of steepest ascent from the saddle point
arc always the tails of the Cagniard path along which w(p) — 2c. That is, the image
of the pair of steepest ascent paths ia the p-domain is a double covering of a segment
of the Rer axis in the 7-domain. The deformed contour in the p-domain will be ouly
the pair of steepest ascent paths unless the original integrand had other singularities
in the p-domain between the imaginary axis and this pair of contours. This motivates
the definition of a primary p-domain—the domain between the imaginary axis and the
steepest descent paths—and its image in the 7-domain—the primary 7-domain. In
terms of these regions, singularities in the primary p-domain have images in the pri-
mary 7-dorain and the deformation of contour onto the real axis in the 7-domain must
include contributions from these singularities.

This approach to the Cagniard-de Hoop metliod represents a return from de Hoop’s
modification to Cagniard’'s original method, but with simplifications that make the
original method more tractable and straightforward. This approach is also reminiscent
of van der Waerden'’s approach to the method of steepest descents, which starts exactly
the same way. Indeed, after the deformation of contour in he r-domain, the user has
the choice of applying asymptotic analysis to the resulting “loop” integrals (Watson's
lemmma) or continuing to obtain the exact, although usually implicit, time domain so-
lution by completing the Cagniard-de Hoop analysis.

In developing the method we examine the transformation from a frequency domain
representation of the solution (w) to a Laplace representation (s). Many users start
from the frequency domain representation of solutions of wave propagation problems.
There are issucs of movement of singularities under the transformation from w to s to
be concerned with here. We discuss this anomaly in the context of the Sommerfeld
half-plane problem.
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INTRODUCTION

The Cagniard-de Hoop method, or the Cagniard (1939, 1962) mcthod as modified
by de Hoop (1958), is ideally suited to the analysis of wave propagation problems in
stratified media. The method applies to the integral transform representation of the
solution in the transform variables (s,p) dual of the time and transverse distance,

typically of the formn,

U(T,Z,S) = Af(p) exp{—sw(p, T,Z)} dpv (01)

with w having the form,

J
w(p,r,2) = pr+Y_h;\/p} - p*. (0.2)
=1

J

In this equation cach h; represents the total vertical travel distance in layer j, includ-
ing multiple reflection path lengths on the trajectory from the source to an observation
point, (z, z). In a two-dimensional problem (z, z), r = |z| denotes the transverse range
and p; = 1/¢; is the slowness in that layer. In a three-dimensional problem (z,y, z),
r = /22 + 3?2 and p is the component of the slowness vector which is colinear with the
vector, x = (x,y). Furthermore, pJQ- = 1/c§+q2, with q the component of the slowness
vector in the orthogonal direction to . The contour of integration I' is the imaginary
p-axis. The integral (0.1) is also known as a generalized-ray wave constitutent or,

more simply, as a generalized ray (Spencer, 1960; Cisternas, et 2l., 1973).

The objective of the method is to make the slowness p-integral take the form of
a forward Laplace transform in time (possibly, a sum of such transforms). Each of

these will be of the form,

up(r,2,8) = /jo f(p(r))z—i exp{—s7}dr. (0.3)

If this is accomplished, then the cascade of this integral with the inverse Laplace

transform from s back to time t can be identified as a forward and inverse transform
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pair, making the actual inversion integration unnecessary. To achieve this, the contour
['—the imaginary axis- -is deformed onto a path of integration on which w(p) in (0.1)
is real and approaches infinity. Then w(p) is set equal to a real variable 7 that varies

from some finite time to infinity.

Excellent expositions of the Cagniard-de Hoop method niay be found in the exten-
sive papers of A. T. De Hoop, including his thesis (1958) and his recent tutorial (1988);

also, Aki and Richards (1980) and van der Hijden (1987) are important sources.

The presentation of the method often begins with a “folding over” of the contour
so that one endpoint of the integral is at p = 0. This leads to a representation
for u(r,z,s) as the imaginary part of an integral in 7. In this approach the p-path
contains a section of contour starting from p = 0 where the integrand is real, yielding
a zero contribution to the final result. However, this one-sided representation is not
essential to the method and we will work with the original two-sided representation
allowing the upper and lower contributions to combine at the end of the analysis, in
particular canceling away the initial segment just discussed. Van der Hijden is an
exception; he also applies the Cagniard-de Hoop method to the integral with both

endpoints at infinity as we do here, as does de Hoop on occasion.

We have found that allowing 7 to have equal status with p as a complez variable
and considering both these complex planes, as Cagniard did [and also Dix (1954)
and Garvin (1956), following Cagniard], is an important analytic tool. Thus, we take
full advantage of the standard p-domain analysis in locating the singularities of the
integrand in (0.1), but we carry out the deformation of contour in the 7-domain,
where it amounts to “closing down” the contour of integration around the real axis
while taking dune account of singularities off this axis. This is often far easier than

finding the curves where only Rew varies, or equivalently, the curves where Imw is
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constant. This deformation of contour is further facilitated by having both endpoints

at infinity, rather than having one (unphysical) endpoint at the origin in p.

In this approach the saddle points of the exponent in the original integral play
a crucial role because they are always branch points of the integrand f(p(7))dp/dr,
in the 7-domain integral. On the other hand, we will show that the images of the
branch points at +p; in equation (0.2) are points of analyticity of dp/dr in the -
domain. Furthermore, branch points of the amplitude f(p) of the same order as
in the exponent at any p; are regular points of the amplitude in (0.3) in the 7-
domain. Other singularities of f(p(7)) will provide corresponding singularities in the
r-domain. Thus, it is the saddle points and these other singularities that provide
the important structure of the integrand in the 7-domain. The exact evaluation of
the integral involves residues from the poles enclosed in the deformation process plus
loop integrals around each of the branch points in the 7-domain that are encountered
in the deformation process. It is the latter type of integral that lcads to integrals of
the form (0.3); the inverse transform of residues at the poles is more straightforward.
The deformation of contour requires the estimate of the integral on a circular arc
“at infinity.” The estimate that this integral approaches zero with increasing radius

follows from Jordan’s lemma.

A particular saddle point, p,, located on the Re p-axis plays an especially impor-
tant role. Indeed. the essence of our point of view can be explained in the context
of this special saddle point with the aid of Figures 0.1 and 0.2. In the former, the
contour S is made up of two steepest ascent ! paths from the saddle point p, when
r # 0. We also show the contour I'. We will refer to the region between I and S as
the primary p-domain. It will be shown that the image IV of T is the hyperbolic-like

curve of Figure 0.2 and the image S’ of the contour S is a semi-infinite segment of

1Paths of steepest ascent and descent are paths along which Rew changes maximally; they are
also paths on which Imw is constant.
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Fi1G. 0.1. Path I and steepest descent path for an example with J = 2, hy = hy = 1.2,
r=25,1/pr =3, 1/pp=4.

t—domain

Fi1G. 0.2. Image centours for example of previous figure.
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the real axis, doub’ly covered, starting from 7,, the image of the saddle point p,. This
implies that the two steepest ascent paths which comprise S are cach at least a tail
of a Cagniard path. For r # 0, 7, is to the right of the point where I crosses the
Re 7 axis. The lower part of S maps onto the real axis, “below” a branch cut from 7,
to oo with arg(7. — 7) = 7 here; the upper part of S maps onto the real axis, “above”
a branch cut from 7, to oo with arg(r, — 7) = —x here. The image of the primary
p-domain is the region between I'' and S’ in the 7 domain. We will call this region

the primary 7-domain. We remark that in this region |arg(7, — 7)| < 7.

Finding the p-path along which w(r, z, p) is real and approaches +o0, is equivalent
to closing the contour I'" down around the real axis in the 7-domain. If there are no
complex singularities of the integrand, f(p(7))dp/dT, in the primary 7-domain then
we replace I'" by 5’. The integrals above and below the cut are two integrals of the
tvpe (U.3), with two different branches of the function p(7) taken in each integral.
Typically this amounts to taking one or the other sign of a square root. In this
case, the two steepest ascent paths comprising S are the Cagniard paths for two
semi-infinite integrals whose form in the r-domain is exactly (0.3). From the method
used to arrive at the deformed paths as segments of §’, it is clear how to deal with
the singularities on the real 7 axis: the contour of integration passes above such a
singularity on the upper part of the path S’ and passes below such a singularity on

the lower part of the path S'.

If there are singularities in the primary 7-domain, then one must take account
of them in carrying out the deformation of contour. However, singularities in the
primary 7-domain are the images of singularities in the primary p-domain. Thus,
we can find these singularities in the p-plane, which is often easier. Furthermore,
we can be sure that singularities to the left of the primary p-domain are also to

the left of the primary 7-domain and have no effect on the contour deformation

o
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process. Somewhzﬁ similarly, singularities to the right of the primary p-domain are
also outside the primary 7-domain. They lie in the region where |arg(7, — 7)| > ,
usually described as being on a “second Riemann sheet” of the 7-domain. While they
do not obstruct the deformation of contour from IV to S’, they can be close enough
to S’ that their “influence” is felt in the integration along S’. Examples of this type

are discussed in the above cited literature.

We have twice included the caveat r # 0. The case r = 0 is degenerate; ' = S and
the primary p-domain collapses to the imaginary axis with its image being the right
half Re 7 axis, starting from 7, = 7(p = 0), doubly covered just as in Figure 0.2. Here,
there 1s no chance for other singularities to be “caught” between the two contours
and the entire ficld arises as the body wave contribution due to the saddle point.
(Note that this is the case of a vertical—possible multiply reflected—ray trajectory.)
As above, however, singularities to the right of I' = S may yet appear close enough

to S’ to influence the value of the integral over S5’

In summary, our approach may be viewed as an attempt to replace the contour
[ by the contour S’. When there are no singularities in the primary 7-domain-
equivalently, no singularities in the primary p-domain-the replacement is justified by
Cauchy’s theorem; when there are singularities in the primary 7-domain, we must
account for these singularities in the contour deformation and S’ is only the tail of

(one of the) loop contours in the 7-domain.

This approach to the Cagniard-de Hoop method is reminiscent of van der Waer-
den’s (1951) approach to the method of steepest descents, which starts exactly the
same way. Indeed, after the deformation of contour in the 7-domain, the user has the
choice of (i) applyving asymptotic analysis to the resulting “loop” integral(s) [Wat-
son’s lemma] (Bleistein, 1984) or (ii) continuing to obtain the exact, although usually

implicit, time domain solution by eompleting the Cagniard-de Hoop analvsis. In
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the former case, one obtains the large s expansion, from which a progressing wave

expansion in the time domain can be derived.

In some sensc, we have come full circle back to Cagniard’s (1939, 1962) approach,
using two complex planes. In that work the author described the mapping from p
to 7 in much more detail than we think is necessary. Indeed, de Hoop (1958) points
out that one of his motivations for his modification of the Cagniard method was the
difficulties of coping with the complex mapping. Furthermore, the important role
that we see for the path of steepest ascent was not a part of that original method.

We believe that our “equal status” point of view extracts the best of both methods.

In the next section, we discuss the transformation from Fourier transforms in
traditional wave number k (one transverse dimension) or wave vector k and frequency
w to slowness p or slowness vector p and Laplace transforin variable s. We do this for
two reasons. First, for some users deriving a solution representation in the former pair
of variables is more natural. Second, in the former variables we can treat a traditional
noncausal problol the Somnicfild problen with acute angle of incidence of the
plane wave—that is not amenable to analysis in the Laplace domain. In the third
section, we discuss the transformation from p to 7 with emphasis on features that we
believe are important to our approach to vhe method. Finally, we apply cur approach
to some standard examples of the Cagniard method and then to the nonstandard

Sommerfeld example.

TRANSFORMATION OF FOURIER INTEGRALS

In our analysis of waves in layered media we start from a Fourier transform in time,
rather than from the Laplace transform typical of the literature of the Cagniard-de
Hoop method. We think this is a useful choice because Fourier representations for

solutions of wave propagation problems are far mare common than Lapla.. .epresen-
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tations in the modern literature with the Cagnaird-de Hoop method being almost the

sole exception to this trend.

For “causal™ problems, the Fourier representation, just as the Laplace representa-
tion, is a transform on a semi-infinite domain from some finite time to infinity. Most
problems of interest start from some finite time. Indeed, even some problems de-
scribed in terms of a plane wave incident from infinity can be reformulated as causal
problems. We will discuss this point further below in connection with the Sommerfeld
half-plane problem. Thus, for a function V(x, 2, t), we define in the causal case

v(r, z,w) :/ Vi(z, z,t)expliwt} dt. (0.4)
t

(4]

It follows that the temporal Fourier transform is an analytic function of w in some
upper half w-plane, usually not including the real axis where singularities of the
transforri resile. Of course, this upper half-plane is exactly the right half-plane of
analyticity ot wuc Laplace transform. The value of the solution representations for
real values of w are ohtair 2d - analytic continuation from this upper half-plane.
In fact, we can and il cousider ouly the upper right half-plane Rew > 0, and
determine the solution elsewhere by analytic continuation. With this convention, the
specific branches of multi-valued functions of w and the spatial transform variable(s)
are uniquely defined, as is the avoidance of these singularities on the contour(s) of

imtegration of the inverse transform.

In most cases of interest in wave propagation problems, the lower boundary of the
half-plane of analyticity is the Re w axis. We assume that is the case here, although
it is not crucial to the analysis below. However, it does allow us to define the quarter

plane of our attention by the condition

o = lelexpin}, 0 < a = argw < /2 (03)
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or problems in two spatial dimensions, the Fourier (A, w) representation to be

studied takes the form

(r.z,w) = /x gk ) exp{ig(h.w,x.2)} dk,

(0.6)
J
Sk = kr+ Z hjv/(w/e;)? — k2.
J=1
The function ¢ is assnmed to have the structure
glk,w) = (w)" g{k/w,1). (0.7)

This is the form of ¢ for a point source: for more complex sources, the solution is

obtained by convolution with the solutions of the type presented here.

With our assnmption that Imw > 0. there are no singularities of ¢ (or g) on the
Re k-axis. the path of integration in (0.6). In particular, the branch points at w/c;
lie in the first guadrant (or positive imaginary axis) of the A-plane, and the branch
points at —./¢; lie in the third quadrant {or negative imaginary axis), because we
have fixed Rew > 0.

Let us mtroduce the change of variable of integration

k=uwp, (0.8)

and consider the image of the integration contour in the p-plane and the location of
singnlarities of the integrand there, as well.
First. note that for &k real and argw = o (0.5), on the path of integration
argp = —a. (0.9)

This means that as argw inereases from zero to /2 the contours of integration are
a family of straight lines through the origin, passing from the first quadrant to the

third.
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To achicve the form (0.1). it is necessary to pick a = n/2. While in principle one
could attempt an analog to the Cagniard-de Hoop theory with other choices of a,
riis choice is optimal as we will show later. In this case, the contour of integration is
the tmaginary axis starting at +/o¢ and ending at —ioc. Later, we will reverse this
direction by multiplving the integrand by —1.

Before proceeding any further with this line of analysis, let us examine the singu-

larities of the integrand. In particular, note from (0.6) that

J
Shker sy =w p.r—+-Z/z]-\/(l,’cj)2—;n2 . (0.10)
j=1

Thus. the integrand in p has branch points at £1/¢;, j =1,....J. and, as a increases

from zero to 7/2. the contour simply rotates away from these branch points.

On the other hand, suppose that g(k,w) had singularities in the secona or fourth
quadrant. Then we would have to take account of the effect of passing the contour
of Integration “through™ these singularities. For poles, that would simply amount to
mehiding a residue as part of the transformation process; for branch points, a loop
mtegral enclosing the branch point would have to be included in the analysis. Such
singularities arise only in noncausal problems—an example of this type is included in

a later section.

Choosing o = /2 amounts to evaluating the Fourier transform for a purely

mmaginary value of the transform variable w. Alternatively, we can set
W =1s (0.11)

with s real and positive when a = argw = 7/2.

What we have just done is change a Fourier transform into a Laplace transform.
However, we Liave done 1t with enough care to alert the reader to the possibility

of contributions from singularities of the integrand of a type we will see below in

10
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a noncausal example. We note that converting the forwara Fourier transform to a
forward Laplace transform implies that the inverse trausform now tukes the form of

the usual inverse Laplace transform.

We pruceed below with our analysis for s real and positive. All results can be
extended to complex s by analytic continuation techniques; however, this is not nec-
essary for the Cagniard-de Hoop method since the explicit inversion integration is not

performed.

We have one other small trick to offer. We use the transformation (0.8) for x
positive and we use k = —wp for x negative. That is, we use k& = wpsgn(r). This
reverse. the orientation of the contour, but introduces a compensating minus sign in

dk /dp. These are nullifving effects.

Furthermore, functions of k2, such as the square roots appearing in ¢ are unaf-
fected by this trick, while the expression kz is transformed into wp|z|. This will prove
useful below. The amplitude g need not be a function of k2 and some care is required

in dealing with this function.

In summary, taking account of this additional trick and the contour rotation, as

well as the change of variables from w to s, we set
k = (spsgn(r). (0.12)

For this function dw/dp > 0 at p = 0 for  nonzero. Since it is our intention to
malke 7 = w the new variable of integration, this will insure that the image I" of the
Re p axis, the contour of integration in (0.1), has an orientation that is independent
of sgn(x). This was the motivation for using a change of variables that depends on

sgn(r).

11
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Under this combined change of variables and rotation I, the contour of integration

in (0.1) is the imaginary axis oriented from —ioco to 100 and
f(p) = —g(psgn(z),1) = —(as) "g(ispsgn(z),is),

(0.13)

u(r,z,s) = vz, z,is)(is)™"" .

Here we have allowed for u to be the true transformed field within a power of ¢s. In
general, we neglect multiplication by powers of s here, since they can be dealt with
back in the space/time domain. Integer powers of s are equivalent to differentiation
or integration in the time domain; noninteger powers of s correspond to fractional
derivatives or integrals in the time domain, which are equivalent to convolution with
fractional powers of ¢. The extra minus sign in the transformation from g to f arises
from the fact that the image of the integration path in (0.6) is the imaginary axis
oriented downward, whereas I" in (0.1) is oriented upward. Had we not assumed the
form of g in (0.7), then we would not have ended up with f being a function of p
alone in this equation. Authors starting from Laplace transforms assume this form

of f to begin their analysis.

For three-dimensional problems, we start from a representation of the form

(2,9, 2,w) =/_ g(ky, ko w) exp{ip(ki, kayw, 2,y =)} dky dks,

(0.14)
J
(ki by, w,2,y,2) = ki +koy + D hj\/(w/cj)2 — kY — k2.
J=1
Again, we assume that g has the special form
gk, ka,w) = (w)" g(ky [w, kyfw, 1). (0.15)
To transform this integral, we first introduce the polar coordinates (r, @),
T =rcoso, y=rsine. (0.16)

12
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Next, we apply the de Hoop transformation (de Hoop, 1960) in the k-domain,

ki = Kjcos @ — Ko sin ¢,

(0.17)
ko = Ky sin @ + Ko cos @
and we note that
kix + koy = K7 (0.18)
In these new variables, (0.14) becomes
o0
v(z,y, z,w) = / (K1, Ko, w) exp{iP(Ky, Ko, w, T, Y, 2)} dr; dry,
J
@y (K, Ry w, 2,Y,2) = KT+ Y hj\/(w/cj)2 — K} — K3, (0.19)
j=1

g(":l”{27w) = g(klkaaw)'

The function § retains the property (0.15). We proceed with the same scaling as
above, except that now we must scale both k) and k3. The rotation in w rotates
both transformed integrals. The same caveats above must be observed here regarding
passing through singularities.

In summary,

K| = 18p, Ko = 8¢, w = 18, (0.20)
leads to the representation of the form of (0.1), except that now both f and w depend
on q:

f(p) = =g(p, —iq, 1) = ~(i5)7"g(isp, sq,1s),
(0.21)

1

u(r,z,8) = (is)"" s u(x, ¥, 2, 0s).

13
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For the purposes of the Cagniard-de Hoop method, we treat ¢ as a parameter whose
presence need not be specifically noted in the arguments of these functions. However,

it should be noted that q changes the meaning of the slowness value 1/pj, in that

p; = 1/cj, two dimensions,

(0.22)

p; =1/ + ¢, three dimensions.

Furthermore, after applying the Cagniard method to determine U(r, z,t), it is neces-

sary to integrate the result with respect to g over (—o0, o).

In summary, we have shown how Fourier representations of both two- and three-
dimensional wavefields in stratified media can be reduced to the same integral form,

Equation (0.1).

ANALYSIS OF THE EXPONENT

Here we consider the complex change of variables

J
T=w(p,r,z) =pr+ Y hj\/pi-p? (0.23)
j=1

from p to 7. Under this change of variables, the integral in (0.1) becomes

u(z,z,8) = /’ f(p(r))-;l—ie_" dr. (0.24)

We need to know the image I'' in the 7-plane of the contour of integration in (0.1).
That original contour T is just the imaginary axis. Because we want to deform this
image contour onto the Re 7 axis, we also need to understand the conformal mapping
of the image region between IV and the Re7 axis. In this manner, we will identify

those singularities that must be crossed in deforming one contour into the other.

14
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The Image of T

We consider now the image of the contour I' under the mapping (0.23). For this
image, let us set

p=io, —00 <0< 00 (0.25)

With this choice,
J
Rer =Y hj\/p?+02, Im7=or, (0 268)
j=1

so that Re 7 is even and Im 7 is odd on the image contour I". Note also that

dT h]p
— = T—Z—“—" (0.27)
dp i=1y/p} — p?
In particular,
{
Tl =r>o (0.28)
dp =0

From this it follows that argdr = 7/2, because argdp = n/2 at p = 0. Thus, the

contour is directed vertically upward at the image point

J
7(0) = >_ h;p;, (0.29)
i=1

which is the travel time along a vertical raypath from the source depth to the obser-
vation depth. That path includes all multiple reflections at interfaces that are implied

by the terms of the sum in w(p,r, z).

In general, on this image path

J
Rer = |o|Y_h;, ImT — or, |o] — oo, (0.30)
j=1
and
Imr r
Rengll(U) — m’ |o] — oo. (0.31)

That is, the image contour has an asymptote in the 7-plane with slope proportional

to the ratio of the horizontal travel distance to the vertical offset. In the simplest

15
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case, J = 1, this curve is one branch of a hyperbola. For larger values of J, the basic
hyperbola-like nature of a symmetric curve with symmetric asymptotes still holds.
Figure 0.2 is an example of an image contour I for a case in which J = 2 and the two

propagation speeds are 3km/sec and 4km/s with hy = he = 1.2km and r = 2.5km.

Because the classic Cagniard integration path in the complex p-plane is also
hyperbolic-like, the reader is cautioned not to confuse it with the previously dis-
cussed image contour I of the imaginary p-axis. This path is in the 7-domain; the

Cagniard path is in the p-domain.

The Saddle Points of w

Saddle points are defined as those points at which dw/dp = dv/dp = 0. From
(0.27), one can verify that there is always a point on the Re p axis where this is true.

In that equation, one can see that

d
2. —o00, as p — min(p;). (0.32)
dp j

Because d7/dp is positive at p = 0, from (0.28), d7/dp must pass through zero
somewhere on this interval. This is the saddle points to be denoted by p,. At this

point,

P - (0.33)

N

This equation defines the geometrical optics ray that connects the origin with the

ﬁ
Il

“.

i M“‘

n

point (z,z) including multiple reflections and refractions satisfying Snell’s law. To
see this latter point, observe that Snell’s law for reflection and refraction guarantees
that

ps = pjsinb;, j=1,J, (0.34)

is the same for cach j (even for mode converted waves). Equation (0.32) assures that

p. < minj(p;): and thus, that each 6; is real. The horizontal travel in the jth layer is
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given by h;tané;; thus, the total horizontal travel is
J
r= Z hj tan 0j- (035)
i=1

If we use (0.34) to define tan 6; in terms of p, and pj, the result is (0.33).

The saddle point p, is a significant point for our analysis. At this point, the
mapping from p to 7 ceases to be conformal; that is, the angle between two intersecting
arcs in the p-domain will not be preserved in the 7-domain. To determine how this
angle is changed, it is necessary to find the first nonvanishing derivative at p,. To

this end, we differentiate (0.27) to obtain

d2r J hjp2~
T (0:30)
i=1 [Pj -p ]

The explicit formula shows that d?7/dp? is negative on the interval from 0 to min;(p;).
This establishes that p = p, is the only saddle point on this interval and that the

second derivative is negative at this saddle point. Let us set

T(Ps) = To- (0.37)
Because d?7/dp? is nonzero,
1d*7(p,)
renx s B -p) (03%)

from which it follows that changes in argument of p — p, are doubled in the 7-domain.

Of particular interest to us are the paths through p, on which Imw = constant.
In cv- case, that constant is zero, since w(p,) is real. Of necessity, the image of these
paths must be a segment of the Re 7 axis, and these paths Imw = 0 through the

saddle point are segments of the Cagniard path.

In the method of steepest descents, these paths of constant Im w are called paths

of steepest ascent or descent. The reason is that when we think in terms of the surface

17
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Re w, these are thé paths of maximal change in Re w away from the reference point, or
literally the directions of steepest ascent and descent on this surface. In the method
of steepest descents, the paths of steepest descent are the paths of interest (since the
exponent of interest is +sw); here. the paths of choice are the paths of steepest ascent
(since the exponent of interest is —sw) because in either case we are interested in the
paths on which the integrand decays exponentially to zero at a maximal rate. We
will denote by S the contour made up of the two paths of steepest ascent through p,
oriented in the direction of ascent in the upper half-plane. Figure 0.2 shows S’ for
the same example considered in Figure 0.1. Note that Figure 0.2 shows a contour
in the 7-domain, while Figure 0.1 shows a contour in the p-domain. The contour
I’ in Figure 0.2 is the image of the Imp axis. As noted above, the image S’ of the
contour S in Figure 0.1 is the doubly covered Re 7 axis, starting at 7, and extending
to infinity. This will be verified below. When viewed as a conformal mapping, the
image of the region between the T and S in the p-domain (Figure 0.1) is the region
between I'' and S’ in the 7-domain (Figure 0.2). As noted in the introduction, we
refer to this former region of the p-plane as the primary p-domain and we refer to its

image in the 7-domain as the primary 7-domain.

On S, Imw = 0, as required; however, there are two curves through p, with this
property and they are orthogonal to one another. How can we see that the image of

the contour indicated here is ', as claimed? Note first, from (0.36) and (0.38) that
7, — T = A(p, — p)* (0.39)

with A > 0. Here, reversing the order of 7’s on the left side of the equation has
allowed us to express the approximation (0.38) in terms of a positive constant, A.
Reversing the order of the p’s on the right side of the equation allows us to express
the right side in terms of an expression for which we know the argument at p = 0 and

then, by continuity allows us to know the argument everywhere. In particular, onc
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can verify that wl;en p moves from the origin to a point on S above p, and nearby,
arg(ps —p) = --m/2 and arg(7, — 7) & —=. Similarly, when p moves from the origin to
a point on S below p, and nearby, arg(p, —p) = +7/2 and arg(r, — 7) = +x. In either
case, T, — T 1s negative as required. One can further verify that on the alternative
paths of constant Im w, Re w decreases. That is, the image of these paths is the Rer

axis to the left of 7,.

Of special interest is the Re p axis to the right of p,. Here we must have arg(p, —
p) = £, depending upon whether this region was rcached by p passing above (-)
or below (+) p, when starting from p = 0. It follows from (0.39) that for these cases
arg(t. — 7) = £27, which are choices of the argument outside of the primary 7-
domain. These values of 7 correspond to points on the second Riemann sheet of the

mapping from p to 7 and values, 7 < 7.

It will prove useful to evaluate 7,. To this end, we use (0.33) in (0.23) to find

T = Zhj—f’——;+hj p3 — p?
i=1 P; — Ds
(0.40)
= i h; p32~
i=1 [P} ~p?
Let us define
2+ h3. (0.41)

]ps
That is, r; is the segment of the offset r at p = p, in the j-th layer and p; is the

length of the ray segnient in the j-th layer. Substitution of the definition of r; into

the definition of p; yields
hip;

py= —2l_ (0.42)
VP — p?
and
J
Z piDj (0.43)
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is the total traveltime along the ray. When we compare this result with (0.29), we

see that

7. > 7(0), (0.44)

with equality holding only for r = 0. Indeed, from (0.36), 7, is the mazimum of 7 for
0 < p < min;(p;) and this inequality holds for 7(0), replaced by 7(p) for any p in this

interval.

The point 7, is a branch point of the integrand in (0.3). To see why this is so, let

us solve (0.38) for p:

2(r —1,) _
— D R (| == 04
Differentiation of this equation yields
d, 1
P (0.46)

dr \/2(7' — T,)d%7,/dp?

which verifies the claim.
We can draw an important conclusion from this observation. The image in the
7-domain of the steepest descent path in the p-domain is a segment of the Re 7 axis

that lies to the right of the image of the imaginary axis as shown in Figure 0.2.

In the 7-domain, we are most concerned with the region in which 0 < arg(7—7,) <
27 that lies in the primary 7-domain. To see this, notc from (0.36) that d*7/dp® < 0
and, of necessity, argp — p, = 7/2, 37/2, for 7 — 7, to be positive. When we take
arg d*r/dp? = —, we find that these two directions correspond to arg 7 — 7, = 0, 2,
respectively. Then, in this neighborhood, values of arg p — p, less than 7 /2 or greater
than 37/2 must correspond to images points with arg 7 — 7, less than zero or greater
than 27, respectively. These regions correspond to another Riemann sheet of the

multi-sheeted surface of the r7-domain.

Of particular importance, singular points of f(p) in the primary p-domain map

into points in the primary 7-domain. As previously noted, not all of these need to
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be singular points- of the integrand f(7)dp/dr in (0.3). For those that are singular
points after transformation, deformation of the contour I onto the Re 7 axis cannot
proceed without including loop contours around these points. On the other hand,
singularities to the right of the path of steepest descent in the p-domain and out of
the primary p-domain, must of necessity map onto these other sheets of the Riemann

surface.

The Branch Points of w

We turn now to consideration of the points p; which are the branch points of w(p)

in (0.2). In the neighborhood of p;,

7 — 7(p;) = h;\/2p;y/p; — p + O(p; — p), (0.47)

from which it follows that

a0 - rtn (0.48)
From the first equation here, we conclude that /p; —p is linear in 7 — 7(p;). Thus,
if this square root appears in f(p), it is not a branch point of f(p(7r)). From the
second equation here, we conclude that dp/dr is also linear in 7 — 7(p;). Thus, the

branch points of w(p) are not a priori branch points of the transformed integrand
f(p(7))dp/dr of (0.3).
On the other hand. other singular points of f(p) must of necessity be singularities

of corresponding type—branch point, pole, etc.—of f(p(7)), because dr/dp is finite

and nonzero at such points.

The Choice o = 7/2.

We close this section by returning to the question of the choice of final argument

7/2 for w. For any other choice, the path I" would not be vertical. Then, for r near
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enough to zero, I' would intersect S, in which case the image domain in 7 becomes
much more complicated. In particular, the image path I'' would cut through the
image path S’ and part of the primary 7-domain would be on the sccond Riemann

sheet.

On the other hand, it has been shown that knowing che Laplace transform for
real values of s suffices for the determination of its inverse function (technically, up
to a function of measure zero, but uniquely at points where the inverse transform
is at least left- or right-continuous). This follows from the obscrvation that the
Laplace transforni must be analytic in some right-half s—plane and Lerch’s theorem
[Sneddon, 1972, Widder, 1959], which assures uniqueness of the Laplace inversion of
such functions. Then, one need only observe that an analytic function is determined
in its domain of analyvticity by its values on a line seginent in that domain, no matter
Lhow small. Any segnent of the Res axis will do. It is standard in the literature
to simply state that knowledge of the Laplace transform on the real axis suffices to

determine the inverse function (in the time domain) uniquely.

EXAMPLES

Here we will demonstrate the application of the Cagniard-de Hoop method on var-
10us examples designed to demonstrate the analysis above and bring out the features
of this interplay of two couplex planes. The reader should note that the image of
the steepest ascent path in the p-domain is always at least a part of the loop integral
path around the real axis in the 7-domain and, sometimes, may be all of it. Whether
or not it is all of that path depends on whether or not there are other singularities of
f(p) in the primary p-domain other than branch points of order one-half at the same

locations at the branch points of the exponent w(p,r, ).
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Two-dimensional free space Green’s function

In this first example, the only singularity of the integrand in the T-domain will be
the branch point at 7,. We will verify further that the integrand is analytic at the

image of the (single) branch point of w(r, z, p).

We consider

r(r,z,w) = —4—37—1,[_% \/:_/I:—‘e\p{ ik + \Jw?/cf — k2|z]] } (0.49)

This is an integral representation of the two-dimensional Green's function for the

Helmholtz equation for acoustic waves in a constant density medium,
2
2 ~ -
Vou+ —u = —=6(r)b(z). (0.50)
1
Here ¥2 s the two dimensional Laplacian. See Bleistein (1984), for example.
This representation is a special case of (0.6) and the transformation of the solution

proceeds as in thie discussion below (6) to yield (0.1) with % defined by (0.2) and

J =1. That is.

{
w(r, z / L exp{——suv(p. |], 2)} (0.51)
ATeIv p2 - p?

with w given by

wip ol z) = plel + pi = Pzl pr = 1/e. (0.52)

In this example. the ouly eritical points of the integrand are the branch points at

+p, and the saddle point determined by (0.33) with r = |u):
jo= mlsindl. = psin€, = pcost, p= Ve + L (0.53)
We need no index on @ here hecanse there is only one value, py.
The transformation (0.23) in this case 1s

7 =w(p.|r|.2) = plx| + p? - p?l=| (0.54)
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and (0.24) becomes

( ) 1 / dp dr { )
r.:.8)=— | ————=exp{—sT7},
e A7 Jr dT /pf —p? P

with T’ as shown in Figure 0.2 except that the specific numbers of that example are

(0.55)

not relevant here. The theory assures us that the integrand has no singularities except
for the branch point at

T = Pip,s (0.56)

and that there are no other singularities of the integrand in (0.24). We will explicitly
verify that below.

We can now close the contour of integration IV around the branch point at 7,
to obtain a loop integral on the contour S' as shown in Figure 0.1. We denote the
solution p(7) for 7 on the upper side of the loop by p4 and the solution p(7) for 7 on

the lower side of the loop by p_. Then we can write

u(r.z.s) ! /x b+ dp- ] exp{—sT}dr. (0.57)

1 1
ime Sy, dr /Pf —_ P(i dr /pf - pQ_J

Now the time-domain solution can be read off as the integrand here. However, there

is one further simplification that comes from the fact that the two terms in the
integrand are complez conjugates of cach other. This fact observation follows from
the Schwarz reflection principle [Levinson and Redheffer, 1970], which assures us that
an analyvtic function must assume complex conjugate values across a line in its domain
of analvticity on which the function is real. Here the line along which the function
p(7) is real, is the line pi|z] < 7 < 7, = p1p, which is the image of 0 < p < p, where
we know that w is real. Thus, complex conjugate points in either domain correspond

to complex conjugate points in the other and we conclude that

dp, 1

7 2m\fp} - 1}

24
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In this equation, H(t) is the Heaviside function, equal to unity for positive argument

and zero for negative argument.

For this particular case, we can explicitly solve for p(7) because (0.54) is equivalent

to a quadratic equation. The solution is

p= [I-’rlf = ||V pip® - TQ] /0. (0.59)

In this solution, it was necessary to make a choice of sign of the square root. We
chose the sign for which

p=0 < 7=p7,

which is consistent with (0.54). The other choice of sign of the square root corresponds
to the mapping of p to the second Riemann sheet of the 7-domain. We see here that
the only singularities of this function are at 7 = £p;p = £7,. One of these is as
predicted by the theory and the other is completely outside the domain of interest,

since 1t 1s not in the primary 7-domain.

One can further confirm that

Vot =9 = |Jzl + laly/sho? = ] /" (0.60)

which also is singular only at 7, and not at 7(p;) = pi|z|. This is as predicted by

the theory.

Finally,

dp _ J2l7 + l2lypip® — 72 (0.61)

Y s |
Since the Heaviside function in (0.58) confines the nonzero portion of the solution
tot > 7, = p;p, and since we wrote this result in terms of p,, we must determine
what happens to the square root in (0.59) when we pass over the branch point at

pip iu the 7-domain. What is crucial here is that arg(p;p — 7) varies from 0 to —=
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on this trajectory. We conclude then that the square root must have an argument of

—7/2 (essentially, a multiplier of —i on a real positive square root). That is,

Py = [lxlf + ]2y 72 = p?p2] /0% T > pip. (0.62)

However, we need not deal separately with the derivative and f(p;(7)) because it

follows from (0.60) and (0.61) that

dp, 1 1
—_— = y T > P1p. (0.63)
dr \Jpt—pt /72— pip?
~ow we can evaluate (0.58) explicitly to obtain
t —
Ulr,2.1) = L& p/e) (0.64)

27r\/t2 -2/
Here we return to the use of the propagation speed c;, rather than the slowness p;.

This is the two-dimensional free space Green’s function for the wave equation (0.50).
Point Source over a Half Space

As a second example we consider

v(z, 2, ~1 / R(k/w)exp{ilkz + /w?/c? — k2(2h — 2)]},

(0.65)

with

1/ = k2fw? — \[1/c = k2/w?
\/l/q—k2/w2+\/1/cg—k2/w2.

This is the upward scattered acoustic wave in a constant density medium for a point

(kjw) = (0.66)

source at height h, over a half space. See Bleistein (1984), for example. This solution,
when added to the previous one, provides the total response above the interface

between two homogeneous half spaces with different acoustic speeds.

This solution again fits the form of (0.6) and the transformation of the solution

proceeds as in the discussion below that equation to yield (0.1) with w defined by
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(0.2) and J = 1. That is,

(0.67)

u(z, 2, 5) 4m/\/p—fp' p)exp{—sw(p, |z], )},
with
w(p, |z],2) = plz| + /p} — P?(2h — 2),

\,/Pl p? —\/P —P (0.68)
\/P1 P +\/1;2

p1 =1/, p2=1/co.

The new feature of this example is that f(p) now has a branch point at ps, which
is not a branch point of the exponent w. As in the previous example, the branch

point at p; appears to the same order in f(p) and w(p, |z|, 2)

Note that, except for replacing |z| by 2h — z, the analysis of the transformation
from p to 7 is exactly as in the previous example. In particular, the saddle point

determined by (0.33) with r = |z] becomes
pe=pilsinfl, z=psinf, 2h—z=pcosh, p= /224 (2h—z)2.  (0.69)

The region in which 2h — z > 0 corresponds to {8} < 7 /2.

The transformed integral (0.24) for this case is

u(x (0.70)

* 15 47[_2 A, ('_‘_1 _ p(T )\p{“‘ST}

with I as shown in Figure 0.2, except that again, the specific numbers of the figure

are not relevant here.

We must be concerned with the location of the branch point p, and its image
in the 7-domain. In particular, we must know when the image falls in the primary

T-domain. If pp > py. this cannot happen, since p, < p; = min(p;, p2); see preceding
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—08<—6 0>0,

FI1G. 0.3. Physical domain showing pre- and post-critical regions defined in terms of
6.

discussion on the location of the saddle point. Therefore, the interesting case occurs
when

P2 < P Or ¢; < Ca. (0.71)

Of course, the reader familiar with this problem will observe that this is, indeed, the
case in which head waves arise and that they manifest themselves in the solution
through the effect of this second branch point. We proceed with this more interesting

case.

We introduce the critical angle, 8, by the equation
p2 = p1siné, (0.72)
and note that p, will be in the primary p-domain if
sinf, < |sind|. (0.73)

From Figure 0.3, we can see that this is the post-critical reflection region in which

the incident wave is totally reflected. Therefore, for this physical region we now know
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SI
P 7~
———=
TC

TS

F1G. 0.4. Deformed path of integration in the r-domain for p, in the primary p-

domain.

that the image point 7., given by
T =w(py) = ppi{sinf|sinb| + cosf.cosb}
(0.74)

= pprcos{f. — |6]} = (p/c1) cos{b. — |6]},

lies in the primary 7-domain. Thus, the deformation of I in this case, must be a

loop integral around 7. as shown in Figure 0.4.

To see the advantage of using two complex planes in the Cagniard-de Hoop

method, we note, as in the preceding example, that
7o = 7(ps) = w(ps, 2|, 2) = pfar > 7. = (pfar){cosb. — |0} = 7, (0.75)

and this identity holds no matter whether py is in the primary p-domain or not.

Again, note that 7, is the maximum of 7 for 0 < p < p,. Therefore, by just knowing
the value of 7, we cannot tell whether or not it lies between I'" and S’. It is only when
we see that it is the image of a point in the primary p-domain that we can be sure

that it lies between these image contours. When py is to the right of S, we know that
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its image in the T;domain lies on the second Riemann sheet of the branch point at
7, and not between the image contours, IV and S’. However, by understanding the
mapping from p to 7 we readily know that for p; to the right of the primary p-domain,
its image must be on the lower Riemann sheet with respect to the branch point at 7,
and at some 7 < 7,. Thus, such a choice of p; does not interfere with the deformation

of I" onto §'.

We now have the machinery in place to find a time domain representation of the
upward propagating wave for this problem in both the pre- and post-critical regions

in Figure 0.3. We w.ill discuss them in that order.

Case I: |6] < 6..

From (0.69) and (0.72), it follows that in this case p, < p, and the latter point is
outside the primary p-domain. Therefore, its image is outside the primary 7-domain
and the deformation from IV to S’ proceeds unimpeded by the presence of the image
7. of py. In analogy with the transformation from (0.51) to (0.57), in this case (0.67)

becomes

47

Ts

1 /°° [dm R(py)  dp- R(p-)

u(z,z,8) = — - exp{—sT}dr (0.76)
ar \fi-p% 9T \/pf—pi}

and

Uz, ety =Im 4 Px_Bps) g o (0.77)
47 2m\/p} - P

For this case, (0.63) is still valid, evcept that p is now defined by (0.69). Since the
right side of this last expression is purely imaginary, we extract the imaginary part
in (0.77) by choosing the real part of R(p,); that is,

H(t - p/a1)
'271'\/132 — p?/c?

This result agrees with Aki and Richards, I, 1980, p. 230, eq. (6.57).

U(z,z,t) =

Re {R(p1)}. (0.78)
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Case II: 60 > 6.

In this case, as previously noted, p, < p, and lies in the primary p-domain, its
image 7. lies in the primary 7-domain and the deformed contour in the 7-domain is

as shown 1n Figure 0.4. Consequently, we replace (0.76) by

. _ dp. -
u(z,z,s) = 4M/T / [dp R(p+) p_ R(p-) exp{—s7}dr

N N ]

(0.79)

= u(z,z,s)+ u(x, 2, 8),

with u; and uy corresponding to the first and second integrals, respectively.

Let us first consider the integral u;(z, z,s) and its inverse transform Uj(z, z,t).
The fact that both limits of integration are finite tells us that the inverse transform
is a function that “turns on” at t = 7, and “turns off” at t = 7,. This finite interval
of integration is the image of the line segment, p; < p < p, in the primary p-domain.
On this interval, the change of variables defined in (0.68) is real. In analogy with

(0.60) and (0.61), we find here that

Vri-p = [[21:, = z]7 + |z|y/pip® - 72] /P, (0.80)

dp _ [2h —z|7 + |z|\/pip? - 'r2 (0.81)
dr p?y[pip? — 12

with p defined by (0.69). Thus, we conclude that

and

Uz, z,t) = Im{dp+ Rips) }[H(t—Tc)—H(t—Ts)]

(0.82)
Im {R(py)} H(t —7.) — H(t - 7,)

B 27 [p2]3 — t2
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For us(z, 2, s), the path of integration is one for which the p(7) is again complex

valued with the derivative as in the above case 8 < 6.,

H(t - p/c)) R
21\ /t2 — p?/c?

(]2(1',2,t) = C{R(p+)} (083)

These results agree with Aki and Richards, I, p. 234, eq. (6.58).

'I'mis compiletes the discussion of this elementary problem. It is typical of the type
of analysis that is necessary when viewing the change of variables as a mapping from
one complex plane to another.

Three-dimensional free space Green’s function

We now consider

oy zi) = ) /°° /oo dkydky exp{ilkiz + kyy + \Jw?/c} — k7 — k32]]}
Y T 872 Jeoo S0 \/w2/c¥ _ k% _ k% ’

(0.84)
This is the three-dimensional analog of (0.49) and is of the form, (0.14), with J =1
and

1 1 1 1
gk, ko, w) = — == = —— , (0.85)
875 2Rk - K 87w \[1] & — Kpfu? — K3

so that in (0.15), n = —1.

The transformations below (0.15) can be applied here, leading to functions f and

u defined by (0.21). That is,

1 1 1 1
f(p) = — = — (0.86)
8712 \/l/cf +q2—p? 87 [p2_ 2
and
v(z,y, z,is) = su(r, z,s). (0.87)

In the first equation p, is defined by (0.22) and in the second equation, multiplication

by s means that we must differentiate with respect to t in addition to integrating
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with respect to ¢ in order to obtain the time domain Green'’s function from the result

of applying the Cagniard method to the function u.

With these results we find that w~ must analyze the integral representation

1 dp
2 = - z 0.
U(T‘, ,S) 87T2i A \/ﬂexp{ S'll)(p, T, )}7 ( 88)

with w given by
w(p,r,2) = pr+/p} = p?2|, pi =1/ci + ¢ (0.89)

These equations are the same as (0.51) and (0.52) except for (i) replacement of x and
|z| by r and (ii) an extra factor of 1/27 in the definition of u. Thus, we read off the

result of the Cagniard method from (0.64) as

H(t -
U(r,z,t) = 0( ”/“3) . p=VrEy 2 (0.90)
47r~\/t2 -2/

Here we see the power of de Hoop’s transformation: except for the quadrature and
differentiation to follow, the application of the Cagniard method to the represen-
tation of the three dimensional Green’s function is reduced to the analysis of the

two-dimensional problem treated carlier.

As noted above, it is necessary to integrate this result with respect to q :

Ji1-p2/e2
[" Utz = H(t—p/cl)/ i dg
14~ . - ——5—
—o0 dncp ey [42 p2/ct — p2q?

(0.91)
_ H{t=p/a)
4rp
Finally, we differentiate with respect to t to obtain v :
6(t —
v(z,y,z,t) = _(__p_/q_) (0.92)
47p
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In Chapter 5 of Cagniard’s (1939, 1962) book and in Dix (1954), polar coordinates
are used in the representation of the Green’s function. This leads to a pair of integrals
in transverse wave number and angle between the transverse wave vector and (z,y).
The first of these integrals is treated by Cagniard’s method. However, the function w
depends on the polar angle, making the subsequent integration (the analog of the ¢
integral here) much more difficult. This latter integration is a tour de force in complex
function theory by those authors. The de Hoop transformations avoid this extremely
difficult analysis, making application of his modification of Cagniard’s method much

more accessible and a method of choice for a broad class of problems.

The Sommerfeld Half-Plane Problem

We will consider here diffraction of a plane wave by a half-plane in the case where
there is no eqnivalent causal problem. This is not a problem which is normally treated
by the Cagniard-de Hoop method starting from the Laplace transform, because that
method requires an equivalent causal problem for the (one-sided) Laplace transform
to make sense. However, the structure of the problem certainly lends itself to treat-
ment by the Cagniard-de Hoop method, if we start from a Fourier representation of
the solution and carefully observe the interplay of singularities with the rotation of

contour associated with the transformation from (k,w) to (p, s).

The underlying problem is as follows. A plane acoustic wave in a constant density
medium is incident from infinity on a half-plane occupying the region, r > 0, z = 0.
The wave is also parallel to the y axis so that the problem is two-dimensional. Given
a boundary condition, the objective is to find the total field everywhere. We will

assume the boundary condition that the tctal field is zero on the scatterer.

In Figure 0.5, we show two possible directions of incident wave from above. The

waves are distinguished by the relative inclination of the incidence direction, as defined
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Oc

F1G. 0.5. Plane wave incident on a half-plane; two possible cases shown, distinguished

by relative inclination to the scatterer. The angle of incidence is 7 — 6.

by the angle = — 6. For 6, > w/2—incidence from the left—one can easily construct
an equivalent initial value problem starting with a plane wave initiated at some finite
(negative) time. (This is equally true for a wave incident from the left and below.
This is the case extensively treated in de Hoop [1958].) For 6. < m/2—incidence from
the right—this is not so straightforward. For any finite negative time, the total field
would have to include a plane wave terminated on the reflector plus its companion
reflected wave, certainly more complicated than the “ideal” we propose to study. It
will be seen below how the “noncausal” nature of the problem posed here for this

latter choice of f. manifests itself in the analysis.

In the mathematical formulation, one begins by assuming an incident wave
vi(x, z,w) = exp{—iwp; [z cosb. + zsinb.|}, p; = 1/ci, (0.93)

with incidence angle

8, =x—9.,. (0.94)
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Note that in this problem, we take z positive upward and we take 6 to be the
polar angle measured from the positive 2 axis. This interchanges the role of sin § and
cosf from the standard geophysical convention. However, this makes comparison

with other solutions in the literature easier, since this is Sommerfeld’s notation.

The total solution is written as
vr(z, z,w) = vi(x, z,w) + vs(x, 2, w). (0.95)

Here the scattered field vs(z, z,w) will include the reflected field, the diffracted field
and the negative of the incident field in the geometrical shadow. With this formulation,
vs(x, z,w) is an outward propagating wave for w real. Alternatively, vg(z, z,w) must
be an attenuating wave for Imw > 0, or equivalently, Re s > 0, which is where the

type of Fourier transform we are considering here is initially defined.

The solution to this problem by the Weiner-Hopf technique (Carrier, Krook and

Pearson, 1983) leads to the integral representation

\/wpl(l - cos()c)/ CXP{ [Ivl‘ + Vw2P1 - k2|z I]}
Ty

[l\/+w‘1"nq9] "'1 i

k.  (0.96)

ve(x, z,w) = — 5o
T

The contour T’ is shown in Figure 0.6 for the case Rew > 0 and cosf, > 0. This is

the case which is inherently noncausal.

Recall that part of our process of transformation from (k,w) to (p, s) involved a
rotation of w from the real axis to the imaginary axis, albeit after rescaling . In
Figure 0.6, one can sce that a rotation of w will cause the pole to rotate through the
path of integration. This is not acceptable, unless we account for the residue at the
pole. If we were to rescale &, the singularities would lie on the axis; for Imw > 0 the
image contour would pass between them from upper left to lower right, and now the

same difficulty would arise from further rotation of the contour with a fixed pole.

36




Blewstein and Cohen Cagniard Method. Complex Time

W/ C
®

—wCcosb /c,
® r

a
— 0/ Cy

F1G. 0.6. The contour, T.

When cosfl, < 0. the pole moves to the first quadrant, I’y can be replace by the
Rek axis, and the pole rotates away from the contour along with the branch point
in the first quadrant as argw increases. Equivalently, after rescaling. —k = wp, the
contour of integration would move away from all singularities with increasing a just
as in the previous two examples. Recall that this is the case that corresponds to an
equivalent causal problem and our analysis is no more difficult than it was for the
standard problems treated by the Cagniard-de Hoop method. We proceed with the
analysis of that more interesting case for which there is no equivalent causal problem,

that is. for cosfl. > 0.

Let us replace I'y in Figure 0.6 by the contour in Figure 0.7 and replace the integral
over this contour by the sum of the residue at the pole and an integral along the real

axis. That is,

1"5(1‘):5“") = URES(I)’:!(“)) + U(.’l‘,l,(d),

rres(r,z,w) = — exp {iwpy [—rcos b, + |z]sinb ]}, (0.97)




Bleistein and Cohen Cagniard Method. Complex Time

W/C;
®

| >
~wcosb¢ /¢, (o

®
— W/ Cy

F1G. 0.7. Replacement contour for Iy,

\/bupl(l —cosfl.) re €XP {i [k-T + Jw?pt - 1"2|3I] }
vlr. s w) = — / dk .

271 -~ [k +wp cosb,] Vop +k

Now we can introduce the change of variables (0.20), K = wpsgn(r), carry out
the rotation of w to the imaginary axis, and set w = is (as previously described) o
obtain the standard form of the integral representation for u(z,z,s) = v(x, z,1s):

\/(—HT()C) exp{-sw(p.|z|.z)} dp (0.98)
2mi\/cy U [psgn(r) + py cos 8] \/P—Sgﬂ(—l):'—l)_l | |

Again, iu this equation.

w(ip e|, 2) = ple] + Vp? = p2z|, o= 1/ e, (0.99)

and T is the contour of Figure 0.2.

u(r,z,s) =

This analysis could have started frem an integral in which w was real, with the
contour [y replaced by the centour shown in Figure 0.8. The final result would not
change. The rotation of contour after rescaling k and rotation of w or the rotation of
w first would produce exactly the same interplay between the contour of integration

and the pole.
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~wcosh¢ /c, w/c
&g o>
—alc,

FiG. 0.8. Contour of integration for Rew.

We have now made the main point of this example concerning the Cagniard-de
Hoop method, that the change of variables plus rotation implicit in the equation
w = is, starting from w (nearly) real and ending with s real, may introduce special
contributions as a consequence of singularities forced to pass “through” the contour
of integration.

It is interesting to continue the analysis of the solution via the Cagniard-de Hoop

method and we proceed to do so, despite having alrcady accomplished our main
objective with respect to this problem.
We note first that, vges(z, z,w) in (0.97) can also be written as
— exp {iwp; [z cos(m ~ 0,.) + zsin(7 - 6.)]}. >0,

vres(T, z,w) = (0.100)
— exp {iwp; [z cos(m + 6,) + zsin(7w +6,.)]}, z<0.

2

The first line Lhere has the form of the reflected wave, while the second line has the
form of the negative of the incident wave. As previously noted, we are alert for such
terms to appear in the solution vg. Tie only problem is that these two expressions
cover the entirc upper and lower half-spaces, respectively, rather than the reflection

region (labeled I in Figure 0.9) in the former case and the geometrical shadow (labeled
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I

II

F1G. 0.9. Geometrical optics regions for the scattering of a plane wave by a half-plane
reflector. Region I: geometrical reflection. Region I1: geometrical shadow for the
incident wave. Region I1I: remainder of the plane. vggps extends the reflected and

negative incidence fields, respectively, to Region I11.

II in Figure 0.9) in the latter case. Thus, we must be alert to further corrections to

these plane waves in the representation of u(z, z,s) in (0.98).

We now turn to the analysis of u(z, z, s) defined by (0.98). Because 0 is measured

from the r-axis in this example, the location of the saddle point in (0.34) is given by

0
ps = pi|cosf] = LCSS_' - %, p= Vit 22 (0.101)
1 1

What is of interest to us here, is the interplay of the location of p, and the pole of
the integrand in (0.98). We note first that the pole is at some p < 0 for £ > 0 and
therefore is outside of the primary p-domain. Therefore, we need only consider the

case r < 0 and the pole located at

pp = —sgn(x)p; cosf, = —sgn(z)cosb,./c;. (0.102)

40




Bleistein and Cohen Cagniard Method, Complex Time

T—0, <6< W+6¢

TC+()C

F1G. 0.10. The regions of incidence and reflection described in terms of angular

boundaries.
In this case, it is at least necessary for z to be negative for the pole to be in the
primary p-domain; that is,

<0 = 7/2<60<3n/2, |cosf| = —cosb. (0.103)

Furthermore, it is necessary for the pole to be to the left of the saddle point for it to

be in the primary p-domain; that is,

Pp < Ps = cosb, < —cosf = cos(m —6). (0.104)
When we rewrite this result in terms of angles,

b, <m-0<6, => 71-0.<0<7+8,, (0.105)

we see that the pole is in the primary p-domain for (z, z) in Region I/ of Figure 0.9.

See Figure 0.10.

For this angular range, the image of the pole is in the primary 7-domain and
the deformation of I is a loop integral starting at the pole just as in Figure 0.4.
For the pole in the 7 plane and the branch point at 7, “well-separated,” we can

consider the two contributions separately. It is fairly straightforward to verify that
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the residue at tllié pole is just the negative of the wavefields given in (0.100). That
is, the residue at this pole has the effect of eliminating the reflected wave and the
negative of the incident wave in the regions where we did not expect them to appear
in the first place; now these waves are restricted to the region of reflection and to the

geometrical shadow, respectively.

For (z, z) near the boundaries of Region IIT the pole and branch point are nearby
one another. If we wish to allow them to coalesce, we cannot consider the contribu-
tions separately. In the limit of coalescence of the singularities we no longer have a
simple residue plus branch cut integral and we must content ourselves with numerical

integration or a uniformly valid asymptotic approximation that allows coalescence.

Let us suppose now that the pole and the saddle point are “well-separated,”
whether or not we are in Region I11. We denote by up(z,y, s) the contribution from
the loop integral starting at the saddle point, the contour S’ in Figure 0.2. This
integral is obtained in the standard way, as described for the previous two examples,

from the representation (0.98). That is,

\/ 1—C080 / exp{ 31'}
D 3%y S
2mi /ey [psgn(z) + py cosb,] \/psgn(z) + py dT

Since w in (0.99) is the same as (0.52), the analysis of the first example can be used

(0.106)

here, as well. In particular, dp/dr is given by (0.61) and 7, is given by (0.56). After

some algebra, we find in analogy with (0.57) that

(1 —cosf,) o  e=o7
uD(l',Z,S) - 7(1\/6_1/)2 LIP \/7'2-1)%p2

T|2| - t]z|y/72 —
12| - ilaly/7? — pi? }d‘r.(O.lO?)

Re {
[p+(7)sgn(z) + p; cos 06]‘/p+(r)sgn(z) + D1
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In this equation, p,(7) is given by (0.62). From this result, the time-domain solution

is given by

wp(a ) V(1 —cosb.) H(t—p/e,
ID\T, 2, 8) = .
mieip? [r2 1/c2p?

{ 7|z| —dla]y/r? - p2/c}
-Re
[p+(7)sgn(z) + cosb/c1]y/p4(r)sgn(z) + 1/cy

This is the diffracted wave. It is a cylindrical wave radiating from the origin at time

} . (0.108)

t = 0, which is the arrival time of the incident wave.

We have seen here the application of the Cagniard-de Hoop method to a “nontra-
ditional” problem. The transformation from (k,w) to (p,s) was scen to have a new
feature—the interplay of the rotation of contour with a singularity (a pole) of the
integrand. Also, for this problem, the body wave manifests itself through a pole of
the integrand and the saddle point of w(p, z, z) gave rise to the edge-diffracted wave.
This is in contrast with layered-media problems where the saddle point gives rise to

the body wave.

CONCLUSIONS

We have proposed an approach to the Cagniard method using a complex time
domain. We have attempted to show that there are advantages to promoting the
time domain to such “equal status” with the slowness domain. We avoid the usual
folding of contour in the slowness domain because we also belicve that there are
advantages to having both endpoints of integration at infinity. Dcformation of the
original contour of integration onto the Cagniard path on which the exponent is real
is equivalent to closing down the image contour in the 7-domain on the real axis.
It was shown in this process that a particular saddle point and its associated paths

of steepest ascent play a crucial role in the analysis. The original contour and the
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contour made up of these two ascent paths define a primary p-domain whose image,
the primary 7-domain, is central to the analysis of deformation of contour. Indeed,
the pair of steepest ascent paths will always form the tails of the usual Cagniard
paths in the p-domain and will make up those paths in their entirety when there
are no other singularities of the integrand in the primary p-domain. When there are
singularities in the primary p-domain, their images appear in the primary 7-domain
and the closing down of the image contour around the real axis in that domain must

take account of these singularities.

We have also addressed the problem of transforming an integral solution in the
(k,w) domain into an integral solution in the (p, s) domain. It was shown here that
careful analysis allows us to address noncausal problems as well as the causal ones

normally treated by starting with one-sided Laplace transforms.
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